Three approaches to description of separation of charges in near-cathode regions of high-pressure arc discharges are compared. The …rst approach employs a single set of equations, including the Poisson equation, in the whole interelectrode gap. The second approach employs a fully non-equilibrium description of the quasi-neutral bulk plasma, complemented with a newly developed description of the space-charge sheaths. The third, and the simplest, approach exploits the fact that a signi…cant power is deposited by the arc power supply into the near-cathode plasma layer, which allows one to simulate the plasma-cathode interaction in the …rst approximation independently of processes in the bulk plasma. It is found that results given by the di¤erent models are in a generally good agreement, and in some cases the agreement is even surprisingly good. It follows that the predicted integral characteristics of the plasma-cathode interaction are not strongly a¤ected by details of the model provided that the basic physics is right.
Introduction
Impressive advances achieved in the modelling of high-pressure arc discharges are summarized in the recent review papers [1, 2] . Signi…cant improvements have been acknowledged, attained over the last 15 years in the modelling of cathode and anode phenomena in order to couple the electrodes with the bulk plasma in a general model. On the other hand, a clear need for further improvement has been pointed out, in the …rst place, as far as the cathode phenomena are concerned. It is worth noting that the near-cathode space-charge sheath plays an important role in the energy balance of arc discharges: a substantial electric power is deposited by the arc power supply into the sheath. Therefore, an adequate account of the near-cathode sheath in the modelling of high-pressure arc discharges is indispensable for the modelling being physically justi…ed.
A number of di¤erent models of account of near-cathode sheaths in numerical simulations of high-pressure arc discharges are described in the literature. The aim of this work is to systematize these models and to compare the results wherever possible.
The outline of the paper is as follows. Di¤erent approaches to accounting near-cathode sheaths in numerical models of high-pressure arc discharges are discussed in section 2. Characteristics of cathodic part of arc discharges predicted by di¤erent approaches are compared in sections 3 and 4. Conclusions are summarized in section 5. Boundary conditions describing positive and negative space-charge sheaths in non-equilibrium models of arc discharges are derived in Appendix A.
2 Di¤erent ways of account of near-cathode sheaths in numerical models of high-pressure arc discharges
Physics of current transfer to electrodes of high-pressure arc discharges is rather complex and involves processes characterized by substantially di¤erent length scales, such as the Debye length; the mean free paths of the ions, electrons, and neutral atoms; the lengths of maxwellization of emitted electrons and relaxation of their energy; the ionization length etc. There is a large number of publications dedicated to di¤erent aspects of near-electrode physics in arc discharges; e.g., reviews [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Without trying to deliver another review, we will rather focus on a particular aspect: methods of quantitative description of charge separation in the near-cathode region.
Uni…ed modelling
A standard approach to simulation of cold plasmas is to use the single set of equations, including the Poisson equation, in the whole interelectrode gap, without apriori dividing the computation domain into quasi-neutral plasma and space-charge sheaths. However, such uni…ed modelling is highly computationally intense in the case of arc plasmas, where the charge particle density is very high, space-charge sheaths occupy only a tiny fraction of the computation domain, and the separation of charges in the bulk plasma is very small. Up to now this approach has been applied only to one-dimensional (1D) models of near-cathode and near-anode regions which separate the electrodes from the bulk of the arc where local thermodynamic equilibrium (LTE) holds [13] [14] [15] . A result of the uni…ed modelling of the near-cathode regions [13] relevant for this work is that the energy ‡ux in typical situations is directed not from the bulk plasma to the near-cathode layer, but from the layer into the bulk. In other words, it is the nearcathode layer that heats the arc bulk rather than the other way round. This originates in a signi…cant power deposited by the arc power supply into the near-cathode spacecharge sheath and eventually into the adjacent ionization layer; a part of this power is transported to the cathode surface, thus heating it to temperatures su¢ cient for electron emission, and the rest is transported into the bulk plasma. A consequence is that the plasma-cathode interaction is governed primarily by processes in the thin near-cathode plasma layer and is to the …rst approximation independent of processes in the arc bulk.
Separate treatment of the plasma bulk and space-charge sheaths
An alternative to uni…ed modelling is to employ separate descriptions of the bulk quasineutral plasma and space-charge sheaths formed near solid surfaces (electrodes and insulators).
The bulk plasma of high-pressure arc discharges has been described in the literature by models of di¤erent levels of complexity. Most works employ models based on the assumption of LTE, which amounts to assuming the ionization (Saha) equilibrium and equilibrium between the electron and heavy-particle temperatures T e and T h ; e.g., reviews [1, 2, 16] . Many papers employ the so-called 2T models, which take into account deviations between T e and T h but assume ionization equilibrium; e.g., review [17] . Other papers, viceversa, assume T e = T h but do not assume ionization equilibrium; e.g., [18] [19] [20] [21] [22] . Finally, there are fully non-equilibrium models, which rely on assumptions of neither thermal nor ionization equilibrium; e.g., [23] [24] [25] [26] [27] .
Matching of solutions for the bulk plasma and sheaths depends on the models used for each of these regions and is considered in subsequent sections.
NLTE-sheath approach
If the bulk plasma is described by means of a fully non-equilibrium model, solutions for the bulk plasma and the sheaths may be matched directly. In what follows, such approach will be referred to as NLTE-sheath approach.
Boundary conditions for the bulk plasma equations, describing space-charge sheaths in the framework of this approach, are derived in Appendix A. A numerical realization of the NLTE-sheath approach, based on these boundary conditions, is described in [28] . The equations describing the bulk plasma in [28] are the same as those used in the uni…ed modelling [13, 14] except that the Poisson equation is replaced by the quasi-neutrality condition; these equations contain a full account of di¤usion of the species, also in Ohm's law, and this made the matching possible. The equations of heat conduction and current continuity are solved inside the electrodes.
Note that transport processes in the bulk plasma are dominated by collisions under conditions of high-pressure arc discharges, which implies a description by means of hydrodynamics equations. (For example, in [28] transport of the ions and the electrons is described in terms of the Stefan-Maxwell equations.) Therefore, a direct matching with a sheath solution is possible, strictly speaking, only if the sheath is assumed to be collisiondominated. In this sense, the matching conditions derived in Appendix A for the case of a sheath with collisionless ions are approximate.
2T-ionization layer-sheath approach
If the bulk plasma is described by means of a 2T model, one needs to consider an ionization layer (e.g., [9] ): a thin layer of quasi-neutral plasma separating the sheath from the region where ionization equilibrium holds; i.e., a layer where deviations from ionization equilibrium are localized. An adequate account of the ionization layer is important for evaluation of the ion ‡ux to the surface, which is generated in this layer.
For numerical realization, one needs a model of a thin near-surface layer comprising a quasi-neutral ionization layer and a space-charge sheath with negligible volume ionization and recombination, which can serve as an interface separating the 2T ionizationequilibrium bulk plasma from the solid surface. Such models for near-cathode layers in high-pressure arc discharges were developed in [29] [30] [31] [32] [33] ; see [9] for discussion and further references.
On joining a model of near-surface layer, comprising a quasi-neutral ionization layer and a space-charge sheath, with a 2T model for the bulk plasma and with heat-conduction and current-continuity equations inside the electrodes, one obtains a model for the arc on the whole. Such approach may be termed the 2T-ionization layer-sheath approach and was realized in [34, 35] with the use of the model of near-cathode layers developed in [29] [30] [31] .
As mentioned in section 2.1, the plasma-cathode interaction is to the …rst approximation independent of processes in the plasma bulk. This feature is re ‡ected in the 2T-ionization layer-sheath approach in a natural way: the cathodic part of the discharge (the cathode and the near-cathode plasma layer) is computed independently of the plasma bulk. After this has been done, 2T equations describing the bulk are solved with the boundary conditions at the cathode surface being distributions of the surface temperature, current density, and electron temperature in the ionization layer, computed as a part of the cathodic-part solution.
The …rst step of this approach, i.e., calculation of the cathodic part of the arc, is sometimes called the model of nonlinear surface heating. It was proposed for the …rst time apparently in [36] ; see [9] for discussion and further references. By now this model has gone through a detailed experimental validation for low-current arc discharges. One can speci…cally mention works of Mentel and coworkers, in particular, [37] ; further examples of experimental veri…cation and references can be found in [9, [38] [39] [40] .
This work is concerned with comparison of characteristics of cathodic part of the arc given by di¤erent models. No solution for the bulk plasma is needed to this end, therefore the 2T-ionization layer-sheath approach amounts to using the model of nonlinear surface heating in the context of this work.
Other possible approaches
An approach similar to the 2T-ionization layer-sheath approach may be devised on the basis of the LTE description of the bulk plasma, with the near-surface layer comprising, in addition to the space-charge sheath and the ionization layer, also a layer of thermal nonequilibrium: a layer adjacent to the ionization layer, beyond which the equality T e T h holds; e.g., [9] . A variant of the approach employing the LTE description of the bulk plasma was considered in [41, 42] . Another variant of this approach can in principle be developed on the basis of simulations [13] [14] [15] .
One could think of devising a similar approach also on the basis of a bulk plasma model accounting for deviations from ionization equilibrium but assuming T e = T h . The near-surface layer should comprise the sheath and the layer of thermal non-equilibrium in this case. However, this approach will be consistent provided that thermal equilibrium breaks down closer to the surface than the ionization equilibrium does, which is not a typical case as demonstrated by …gures 1, 3, and 5 of [13] .
3 Comparing results from the uni…ed modelling and the model of nonlinear surface heating
The rest of this work is concerned with comparing characteristics of cathodic part of arc discharges computed by means of three approaches: the uni…ed modelling, the NLTEsheath approach, and the model of nonlinear surface heating. Since the uni…ed modelling has been performed until now only in 1D cases [13] [14] [15] , while the NLTE-sheath approach has been realized only for the 2D (axially symmetric) case [28] , all the three approaches cannot be compared at once. In this section, we compare the uni…ed modelling and the model of nonlinear surface heating. The NLTE-sheath approach and the model of nonlinear surface heating are compared in the next section. Let us consider an arc cathode having the shape of a right cylinder with the base being externally cooled; the electric conductivity of the cathode material is high enough so that Joule heat production in the cathode body is negligible; lateral surface is thermally and electrically insulated, so the energy ‡ux and the electric current from the plasma enter the cathode through the front surface and leave it through the base. The heat conduction equation in the cathode body admits a 1D solution in this geometry, with the temperature distribution varying only in the axial direction and all parameters being constant along the cathode surface. This makes such geometry a convenient test case for the uni…ed modelling.
More precisely, we compare characteristics of cathodic part of the discharge computed by means of two approaches. In the framework of the …rst approach, the near-cathode region, separating the cathode from the bulk plasma where LTE holds, is simulated by means of the 1D uni…ed modelling code [13] . The cathode bulk is described by the 1D solution of the heat conduction equation, with the energy ‡ux from the plasma to the cathode surface being matched to the heat ‡ux from the surface into the cathode bulk. The other approach is the model of nonlinear surface heating, based on the model of near-cathode layer [29] [30] [31] (a summary of equations of this model can be found in [43] ) and realized by means of the Internet tool [44] . While the tool is capable of computing both the di¤use and spot mode of current transfer, the results given here refer to the di¤use mode, where the distribution of temperature in the cathode is 1D.
All the results of this work refer to the cathode material being tungsten and plasmaproducing gas being 1 bar argon, except for …gure 6 which refers to 200 bar mercury vapor. Simulations reported in this section refer to the cathode height equal to 1 cm with the bottom of the cathode maintained at the room temperature.
A choice of calculation results to compare is not quite trivial since the uni…ed modelling [13] and the model of near-cathode layer [29] [30] [31] involve di¤erent sets of variables. The most natural choice seems to be as follows. The results will be compared for the same value of the current density, which is equivalent to the same value of the arc current in the 1D case being considered. The parameters to be compared are the cathode surface temperature T (s) ; the near-cathode voltage U ; the sheath voltage U sh ; the average electron temperature in the ionization layer, T eil ; the densities of the ion current to the cathode surface, j iw , the electron emission current, j em , and the current of fast plasma electrons counter-di¤using to the cathode surface against the sheath electric …eld, j CD ; the density of the net energy ‡ux to the cathode surface, q (s) w ; densities of energy ‡uxes transported to the cathode surface by the heavy particles and the fast plasma electrons, q hw , q CD , and from the cathode surface by the emitted electrons, q em . All these quantities appear in a natural way in the model of near-cathode layer [29] [30] [31] , but most of them have not been expressly speci…ed in the uni…ed modelling [13] and for completeness need to be related to the variables employed there. The quantities j CD , q em , and q CD are expressed as
where A f is work function of the cathode material and the index w in the uni…ed model means that the corresponding quantity (in this case, the electron number density n e or temperature T e ) is evaluated at the cathode surface. The sheath was identi…ed in the results of uni…ed modelling as a near-cathode region beyond which the charge separation is below 10%. The ionization layer was identi…ed as a region adjacent to the sheath beyond which the deviation of the charged particle density from the value n b obtained from the Saha equation, evaluated in terms of local values of T e and T h , is below 10%.
(More precisely, n b was obtained from the assumption of local balance of ionization and recombination with account of radiation escape. It deviates from the Saha value if the electron number density is of the order of 10 21 m 3 or smaller; cf. …gure 5(a) of [13] .) U sh and U have been evaluated as potential di¤erences between the edge of the sheath or the ionization layer, respectively, and the cathode. T eil was evaluated as the average of the values of T e at the edge of the space-charge sheath (which represents the inner boundary of the ionization layer) and at the edge of the ionization layer.
Densities of energy ‡uxes transported by each particle species in the direction to the cathode in the framework of the uni…ed model are de…ned as (cf. equation (31) of [13] )
where the x-axis is directed from the cathode into the plasma, J and are the density of ‡ux in the direction to the cathode and thermal conductivity of species ( = a; i; e), A i is the ionization energy, and A itd designates the term accounting for the e¤ect inverse to the thermal di¤usion (the second term on the rhs of equation (15) of [13] ). The density of energy ‡ux transported in the direction to the cathode by the heavy particles is q h = q a + q i .
The comparison of the above-listed quantities as functions of the current density is shown in …gure 1. The agreement between the two approaches is good, except for a discrepancy in the current density and energy ‡ux transported by the fast plasma electrons (j CD , q CD ) occurring in the range j w . 4 10 6 A m 2 . This discrepancy, however, has little relevance since contributions of the plasma electrons in this range are small anyway: j CD j em , q CD q hw . The net electron energy ‡ux to the cathode surface is q ew = q CD q em . (In the framework of the uni…ed model, this expression conforms to equation (3) evaluated at x = 0, which can be veri…ed with the use of the boundary condition (25) of [13] .) It is seen from …gure 1(c) that q em > q CD for both models, i.e., cooling of the cathode by thermionic emission prevails over the plasma electrons heating, so q ew is negative and the net electron energy ‡ux is directed from the cathode surface into the plasma.
The net energy ‡ux to the cathode surface in both models is evaluated as q (s) w = q hw + q ew . However, the energy ‡ux transported by the heavy particles is evaluated di¤erently: with account of only the ion contribution (q hw = q iw ) in the model of nearcathode layer [29] [30] [31] and of both ion and neutral atom contributions (q hw = q iw + q aw ) in the uni…ed modelling. In fact, q aw exceeds q iw in the framework of the uni…ed model as seen from …gure 2. In spite of this di¤erence, values of the net heavy-particle energy ‡ux q hw predicted by the two models agree quite well, as seen from …gure 1(c). It is seen from …gure 2 that T eil the average temperature of electrons in the ionization layer is close to T ew the electron temperature at the cathode surface in the uni…ed modelling for j w & 4 10 6 A m 2 . (Note that the line T eil in …gure 2 represents that same data as the similar line in …gure 1(b).) This suggests that the electron temperature does not vary much across the near-cathode layer. It is unsurprising that the integral-balance evaluation of T eil , employed in the model of near-cathode layer [29] [30] [31] , is accurate enough under these conditions. On the other hand, one can see from …gure 1(b) that values of T eil predicted by the two models agree quite well also for j w . 4 10 6 A m 2 , where T eil is signi…cantly lower than T ew and the electron temperature distribution across the near-cathode layer is therefore strongly non-uniform.
In view of the above, reasons of the agreement seen in …gure 1 are not obvious. In order to …gure out these reasons, it is useful to look at examples of distributions of parameters in the near-cathode layer obtained from the uni…ed modelling and shown in …gures 3 and 4. Here n i is the ion number density and E is the x-projection of the electric …eld. The vertical dotted lines here and further represent the edges of the space-charge sheath and the ionization layer, identi…ed as described above.
The quantity eJ i =j w in …gures 3(a) and 4(a) has the meaning of fraction of electric current transported by the ions. In the bulk plasma, this fraction is low, as should have Figure 2 . Densities of energy ‡uxes transported to the cathode surface by di¤erent particle species, the electron temperature at the cathode surface, and the average temperature of electrons in the ionization layer. Uni…ed modelling. been expected. On the cathode surface, this fraction attains the value of about 0:86 in the case j w = 10 5 A m 2 and 0:22 for j w = 10 7 A m 2 . The ion current is generated primarily in the ionization layer, as expected.
In the case j w = 10 7 A m 2 (…gure 4(b)), the electron temperature in the nearcathode layer does not change much. In contrast, variation of T e is very large in the case j w = 10 5 A m 2 ; …gure 3(b). However, the variation of T e in the ionization layer remains relatively small. This explains why the integral-balance evaluation of the average electron temperature in the ionization layer, employed in the model [29] [30] [31] , is accurate over the whole range of j w shown in …gure 1.
Neglecting variation of T e in the case j w = 10 7 A m 2 , one can assume that the density of plasma electrons in the sheath follows the Boltzmann distribution evaluated at the temperature T eil . Then one can write n ew = n (pl) i exp ( eU sh =kT eil ), where n (pl) i is the density of the ions (or the electrons) at the sheath edge, and the expression for j CD in equation (1) will coincide with the corresponding expression in the model [29] [30] [31] ; cf. equation (14) of Appendix A or equation (5) of [43] . This explains the good agreement in current density and energy ‡ux transported by the fast plasma electrons (j CD , q CD ) seen in …gures 1(b) and 1(c) for j w & 4 10
6 A m 2 . For lower j w , T e in the sheath signi…cantly exceeds T eil , and the electron density in the sheath signi…cantly exceeds values given by the Boltzmann distribution evaluated at the temperature T eil . This explains why j CD and q CD given by the uni…ed modelling signi…cantly exceed for j w . 4 10 6 A m 2 the values given by the model of near-cathode layer [29] [30] [31] , as seen in …gures 1(b) and 1(c).
One can see in …gures 3(b) and 4(b) that in the bulk plasma the energy ‡uxes of the heavy particles, q a and q i , are small compared to the electron energy ‡ux, as it should have been expected. The net energy transport is directed not from the bulk plasma into the near-cathode layer, but in the opposite direction, which is also expected [34] . q a and q i grow in the near-cathode layer.
Equation (11) of [13] , which describes conservation of energy of heavy particles in the uni…ed model, may be transformed to
where ' is electrostatic potential, D ia and D ea are binary di¤usion coe¢ cients, and n is the total number density of the plasma. The terms on the rhs of this equation account for, respectively, work of the electric …eld over the ions, energy gained by the ion species due to ionization, and the energy received by the atoms and ions in elastic collisions with the electrons. Integrating equation (4) 
An example of the distribution of the terms on the rhs of equation (5) in the nearcathode layer is shown in …gure 5. The energy ‡ux at the outer boundary of the calculation domain is relatively small, q hL = 3 10 3 W m 2 , and cannot be seen on the graph. As x decreases, q h increases, …rst due to energy transfer from electrons to the ions in ionizing and elastic collisions (W ion , W ei ) and then due to work of the electric …eld over the ions (W iJ ). The energy W ea transferred from electrons to the atoms is small. Hence, the increase of q h in the near-cathode layer occurs due to the energy supplied to the ions. A part of this energy is subsequently transferred to the atoms through ion-atom collisions. The latter process a¤ects the distribution of the energy between the ions and the atoms, but does not a¤ect the total energy of the heavy particles. This explains the very good agreement between values of q hw given by the two models seen in …gure 1(c).
Note that the use of a single heavy-particle temperature in the uni…ed modelling implies that thermal equilibrium between the ions and the atoms is established instantaneously. In reality, the (translational) energy is transferred from the ions to the atoms on distances of the order of the mean free path for collisions between ions and atoms, ia . Let us consider as an example a high-current arc in atmospheric-pressure Ar and assume that T e = 15000 K, T h = 3500 K in the near-cathode plasma. An estimate for these conditions gives ia 2:5 m. It follows from …gure 5 that most of the energy that the ions receive from the electric …eld in the near-cathode layer cannot be transferred to the atoms. Thus, values of the ion energy ‡ux density q iw , predicted by the uni…ed modelling and the model of nonlinear surface heating, should be considered as, respectively, the lower and upper estimates.
The model of nonlinear surface heating, as it is used in this work, comprises the model of near-cathode layer [29] [30] [31] , based on the assumption that the ions cross the nearcathode space-charge sheath without collisions. If the pressure of plasma-producing gas is much higher than atmospheric, the latter assumption becomes unrealistic. However, the model of nonlinear surface heating comprising the model of near-cathode layer [29] [30] [31] may still remain useful. As an example, a comparison similar to the one of …gure 1 is shown in …gure 6 for an arc burning in 200 bar mercury vapor, which is a representative plasma-producing gas in projection lamps. (The dependencies q (s) w computed by means of the two models coincide to the graphic accuracy, so the corresponding curves in …gure 6(c) overlap.) There is a signi…cant discrepancy in the current density and energy ‡ux transported by the fast plasma electrons (j CD , q CD ), however, all the other quantities are close to each other.
Comparing results from the NLTE-sheath modelling approach and the model of nonlinear surface heating
Let us consider a free-burning arc in atmospheric-pressure argon. The cathode is a tungsten rod of the radius of 1 mm and height of 12 mm, with a hemispherical tip. The anode is planar and made of copper. A numerical investigation of this arc by means of the 2T-ionization layer-sheath approach was performed in [34, 35] and by means of the NLTE-sheath approach in [28] . In particular, the computed arc voltage was in a good agreement with the experimental data [45] . In this work, we do not consider characteristics of the arc on the whole and will rather focus on comparison of characteristics of cathodic part of the arc given by the two approaches. The NLTE-sheath approach is used as described in [28] . The model of nonlinear surface heating, to which the 2T-ionization layer-sheath approach is reduced, is used as described in [34, 35] ; the only di¤erence from the previous section is that the nonlinear boundary-value heat conduction problem in the cathode body is solved by means of the steady-state solver of COMSOL Multiphysics instead of a home-made FORTRAN code implemented in the Internet tool [44] . Distributions along the cathode surface of the surface temperature and the density of electric current to the surface, computed by means of the NLTE-sheath approach for the arc current I = 100 A and three di¤erent values of the interelectrode distance (7, 10, and 13 mm), are plotted in …gure 7 by solid lines. (The distance l is measured from the centre of the front surface of the cathode along the generatrix of the cathode surface.) The lines corresponding to the di¤erent interelectrode distances coincide. This is a manifestation of plasma-cathode interaction being to the …rst approximation independent of processes in the arc bulk, which constitutes the basis of the model of nonlinear surface heating as discussed in section 2.2.2. The results given by the model of nonlinear surface heating (dotted lines in …gure 7) are in an excellent agreement with those given by the NLTEsheath approach.
A comparison of distributions along the cathode surface of characteristics of the cathodic part of the discharge, computed with the use of the two models for three values of the arc current I = 60, 100, and 200 A, is shown in …gure 8. The distributions computed by means of the NLTE-sheath model for di¤erent interelectrode distances (7, 10, and 13 mm) are very close to each other; we note for de…niteness that the data shown in …gure 8 refer to the interelectrode distance of 10 mm.
In most cases, the agreement is good, especially at the front surface of the cathode tip (l . 1:6 mm), which is the main part of the arc attachment. Distributions of the surface temperature and density of electric current to the cathode surface (…gure 8(a)) agree quite well, similarly to those in …gure 7. Distributions of the energy ‡ux to the cathode surface (…gure 8(b)) are in a good agreement for I = 60 A, but deviate for 100 A and especially for 200 A. Note that one could think that this deviation is a consequence of Joule e¤ect inside the cathode, which was taken into account in the NLTE-sheath approach but not in the realization of the model of nonlinear surface heating being employed, however this has been disproved by additional simulations performed by means of the model of nonlinear heating with account of the Joule e¤ect as in [46] . Values of the density of ion current to the cathode surface (…gure 8(b)) given by the NLTE-sheath approach are close to those given by the model of nonlinear surface heating at the centre of the front surface of the cathode, but decrease faster with increasing l. Values of the sheath voltage (…gure 8(c)) given by the two models are close to each other at the centre of the front surface of the cathode. As l increases, the values given by the NLTE-sheath model weakly increase, while those given by the model of nonlinear surface heating weakly decrease; however, the di¤erence between the two is not very signi…cant.
In the framework of the NLTE-sheath model, T e in …gure 8(c) represents the electron temperature on the plasma side of the interface describing the sheath. In the nonlinear surface model, T e has the meaning of the average electron temperature in the ionization layer as in section 3. The two distributions are not very di¤erent, except for the maxima occurring in the range 4 mm . l . 6 mm in the NLTE-sheath model, which, however, have little relevance since the current density at these l values is already quite small.
Summary and concluding remarks
Three approaches to description of separation of charges in near-cathode regions of highpressure arc discharges are considered. The most straightforward one is the uni…ed modelling, which does not rely on apriori division of the interelectrode gap into quasi-neutral plasma and space-charge sheaths.
The second approach, which may be called the NLTE-sheath approach, is based on separate descriptions of the bulk quasi-neutral plasma and space-charge sheaths formed near solid surfaces (electrodes and insulators). The description of the bulk plasma is fully non-equilibrium, i.e., does not rely on assumptions of thermal (T e = T h ) or ionization equilibrium. The appropriate description of space-charge sheaths is developed in Appendix A.
The third approach employs separate descriptions of the bulk plasma, where deviations between T e and T h are taken into account but deviations from ionization equilibrium are not, of the ionization layer, and the near-cathode space-charge sheath. This approach may be called the 2T-ionization layer-sheath approach. Since processes in the bulk have little e¤ect over the cathodic part of the arc, calculation of the cathodic part (the cathode, the sheath, and the ionization layer) is decoupled from calculation of the bulk plasma in the framework of this approach. The reduced version, in which only the cathodic part is simulated, is sometimes referred to as the nonlinear surface heating model.
Since the uni…ed modelling has been performed until now only in 1D cases while the NLTE-sheath approach has been realized only for the axially symmetric case, all the three approaches cannot be compared at once. Results given by the uni…ed modelling are compared with those given by the model of nonlinear surface heating on the simple 1D test case of a rod cathode with thermally and electrically insulated lateral surface. Results given by the NLTE-sheath approach are compared with those given by the model of nonlinear sur-face heating on the (axially symmetric) test case of a free-burning atmospheric-pressure argon arc with a rod cathode with a hemispherical tip. It is found that the results given by di¤erent models are in a generally good agreement, and in some cases the agreement is even surprisingly good.
On one hand, this …nding is consistent with estimates given in Appendix A (see also section 1 of [28] ), which indicate that for typical high-pressure arcs the Debye length is much smaller than the ionization length, which is in turn much smaller than characteristic arc dimensions; hence the necessary conditions of applicability of both the NLTE-sheath and 2T-ionization layer-sheath approaches are ful…lled. On the other hand, the above …nding shows that the predicted integral characteristics of the arc-cathode interaction are not strongly a¤ected by details of the model (such as the ion motion in the sheath being collision-free or collision-dominated, variability of T e and T h in the near-cathode layer, distribution of the heavy-particle energy ‡ux from the plasma to the cathode surface between the atoms and the ions) provided that the basic physics is right.
The uni…ed modelling approach is at present prohibitively intense computationally in situations of practical interest that require multidimensional simulations. If the main objective is to simulate the cathodic part rather than the arc on the whole, then it seems natural to employ the model of nonlinear surface heating, which is the simplest one and is ready for use for a wide range of plasma-producing gases (e.g., [44] ). This model is a natural …rst step also in simulations of the arc on the whole, which can be performed by means of either NLTE-sheath approach or the 2T-ionization layer-sheath approach. The former is the method of choice in cases where deviations from ionization equilibrium occurring in the vicinity of anode and in the arc fringes are of interest. The current density distribution along the cathode surface, given by the model of nonlinear surface heating, may be used as an initial approximation in this approach, which will contribute to the solution stability [28] .
The 2T-ionization layer-sheath approach may be used in cases where deviations from ionization equilibrium occurring in the vicinity of anode and in the arc fringes are not of primary interest. The solution given by the model of nonlinear surface heating provides boundary conditions at the cathode surface for the bulk plasma equations in this approach.
Up to now, both the NLTE-sheath and the 2T-ionization layer-sheath approaches have been applied only to cases where current transfer to the cathode occurs in the di¤use mode. It will be very interesting to extend the modelling to spot modes. Since the model of nonlinear surface heating allows a routine calculation of spot modes, calculation of corresponding states of the arc bulk is straightforward in the 2T-ionization layer-sheath approach and seems to be feasible in the NLTE-sheath approach. Another e¤ect to be treated in the future is motion of the molten metal in the cathode, which is especially important at high currents.
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The calculation domain in fully non-equilibrium models of arc discharges includes the quasi-neutral plasma and eventually the adjacent solid bodies (electrodes and insulators), separated by interfaces describing the space-charge sheaths. The boundary conditions at these interfaces are formulated in what follows. The electrostatic potential is discontinuous at the interface:
Here U sh has the meaning of the sheath voltage, which varies along the solid surface and has to be found as part of the solution, the upper indices pl and s denote values on the quasi-neutral plasma side of the interface and on the side of the solid, respectively. The electric current is continuous at the interface:
where j w with j w . Again, j w varies along the surface and has to be found as part of the solution. One can write
Here J ew designate normal components of number densities of, respectively, the ion and electron ‡uxes coming to the interface from the quasi-neutral plasma, which are governed by the hydrodynamic (di¤usion) equations describing the plasma.
Let us consider as an example a high-current arc in atmospheric-pressure Ar and assume that T e = 15000 K, T h = 3500 K in the near-cathode plasma. An estimate for these conditions gives It is natural to neglect variations of the heavy-particle temperature inside the sheath, which gives a boundary condition T
The energy ‡ux is discontinuous at the interface and the corresponding boundary condition is represented by the equation of integral balance of energy:
where q (pl)
w and q (s)
w are normal components of the energy ‡uxes coming, respectively, from the quasi-neutral plasma to the interface and from the interface into the solid, A f is work function of the electrode material, A i is the ionization energy, and q (rad) is the net density of energy ‡ux removed from the solid surface by radiation. Note that q (pl) w comprises the heat ‡uxes caused by heat conduction and by the e¤ect inverse to thermal di¤usion, the enthalpy transport by the di¤usion ‡uxes, but not transport of production enthalpies and radiation. The term j w U sh on the rhs of equation (12) represents power deposited into the sheath by the arc power supply, j w A=e is cooling of the electrode surface due to passage of the electrons from metal into the plasma, and J (pl) iw A i is the power deposited at the solid surface due to neutralization of the ions coming from the plasma.
It may be convenient for numerical implementation to introduce a new variable, which equals the temperature in the solids and the heavy-particle temperature in the bulk plasma, and to treat the equation of energy of heavy particles in the quasi-neutral plasma jointly with the equations of heat conduction inside the solids. In this connection, it may be convenient to transform the boundary condition (12) with the use of relation q ew are normal components of energy ‡uxes transported from the quasi-neutral plasma to the interface by heavy particles and electrons, respectively, and to rewrite this boundary condition as
The form of the rest of the boundary conditions depends on sign of the sheath voltage. Let us consider …rst the case of a positive sheath, U sh > 0. In this case, the electrons from the quasi-neutral plasma are repelled by the sheath electric …eld and follow in the sheath the Boltzmann distribution in space with a temperature equal to T (pl) e the electron temperature in the quasi-neutral plasma estimated at the interface. The density of ‡ux of the plasma electrons counterdi¤using to the surface against the retarding electric …eld is given by the usual expression
If the solid represents an electrode and its surface is hot enough, there is a second group of electrons in the sheath: those emitted by the electrode surface. Therefore, in the general case one can write
where j em is the density of electron emission current. Integral balance of electron energy in the sheath reads
The …rst term on the lhs represents the density of ‡ux of energy removed from the solid surface by the emitted electrons, evaluated under the conventional approximation of the velocity distribution of the emitted electrons being the half-Maxwellian function with the surface temperature.
is the ‡ux of energy delivered to the surface by the plasma electrons, so the …rst and second terms jointly represent the net electron energy ‡ux from the solid to the sheath. The third and fourth terms represent, respectively, the electron energy ‡ux from the quasi-neutral plasma to the sheath and work of the electric …eld over the electrons inside the sheath.
Lowering of the work function due to the presence of an electric …eld (the Schottky e¤ect) is appreciable for arc electrodes if U sh > 0. It is logical to assume in such conditions that the energy gained by an emitted electron on crossing the space-charge sheath equals eU sh A, where A is the Schottky correction. The same is the energy gained (lost) by a singly charged ion (plasma electron) moving to the electrode. Therefore, in the following we will assume that the factor U sh in the last term on the lhs of equation (16) is replaced with U sh A=e. Note that there is no need for such replacement in equations (12) or (13) , where U sh appears in the combination eU sh A f .
Relaxation of the two-group electron distribution function in the sheath to the Maxwellian distribution in the bulk plasma occurs on the length scale ee the mean free path for electron-electron collisions. Under the above-mentioned conditions of a high-current arc in atmospheric-pressure Ar, ee = 0:43 m. Hence, another zone distinguished by speci…c physics is relevant: the layer of electron relaxation, which is much thicker than the sheath but much thinner than the ionization length. The fact that equations (15) and (16) involve electron particle and energy ‡uxes to the interface, J (pl) ew and q (pl) ew , which are governed by the hydrodynamic (di¤usion) equations, implies that the layer of electron relaxation is implicitly included into the interface jointly with the space-charge sheath.
The number density of charged particles in the sheath is much smaller than that in the quasi-neutral plasma, so the boundary condition for the distribution of the charged particles in the quasi-neutral plasma to be applied at the interface could be written simply as n (pl) i = 0. However, we consider the case where the sheath is collision-free for ions, and in this case the use of this boundary condition would require one to expressly treat the Knudsen layer, i.e., a region of quasi-neutral plasma which is adjacent to the sheath and has the thickness of the order of mean free path for ion-neutral collisions, where the ions are accelerated up to the Bohm speed u B = r k T (pl) e + T (pl) h =m i (in other words, the Knudsen layer plays the role of a presheath). In order to avoid such treatment, one can assume that the acceleration of the ions up to the Bohm speed may be to a reasonable accuracy described by the hydrodynamic (di¤usion) equations and to use at the interface the boundary condition (e.g., [29] )
The electric …eld at the electrode surface needed for evaluation of the Schottky correction may be estimated with the use of equation (10) of [29] (which was derived for the case where the sheath is collision-free for ions). Then relations (8) and (9); (11) and (12); (16); and (17) represent a complete set of boundary conditions at the interface for the di¤erential equations of, respectively, current continuity in the quasi-neutral plasma and the electrode; heavy-particle energy in the plasma and heat conduction in the solid; electron energy in the plasma; and ambipolar di¤usion in the plasma. Since the sheath voltage U sh remains indeterminate in this reasoning, an additional relationship is needed: equation (15) .
Let us proceed to the case of a negative sheath, U sh < 0. In this case, the ions in the sheath follow the Boltzmann distribution with a temperature T (pl) h and one can write, similarly to equation (14) ,
Most of the electrons eventually emitted by the solid cannot overcome the potential barrier in the sheath and immediately return to the surface. Therefore, electric current transported by the emitted electrons can be neglected. In particular, one should drop the term involving j em and set J CD = J 
Equation (16) with the above-described changes and equation (19) represent boundary conditions at the interface for the di¤erential equations of electron energy and ambipolar di¤usion in the plasma in the case U sh < 0. The additional relationship is supplied by equation (18) .
Note that in …nite-element codes such as COMSOL Multiphysics the Dirichlet boundary condition for the ambipolar di¤usion equation may be less favorable from the point of view of numerical stability than the Neumann condition. In this connection, it may be appropriate to use as a boundary condition for the ambipolar di¤usion equation in the plasma not equation (19) as it is, but rather a combination of this equation with (18) :
